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Abstract 

Given a principal bundle G P — ► B (each being compact, connected and oriented) and a G- 
invariant metric h p on P which induces a volume form fi p , we consider the group of all unimodular 
automorphisms SAut(P, /i p ) := {ip £ Diff(P) | ip* /i p — fi p and ip is G-equivariant} of P , and deter- 
mines its Euler equation a la Arnold. The resulting equations turn out to be (a particular case of) the 
Euler- Yang-Mills equations of an incompressible classical charged ideal fluid moving on B . 
It is also shown that the group SAut(P, fi p ) is an extension of a certain volume preserving diffeomor- 
phisms group of B by the gauge group Gau(P) of P . 

1 Introduction 

Since @], it is well known that an appropriate configuration space for the study of equations of hy- 
drodynamical type (more precisely, the incompressible Euler equations of an incompressible fluid) on a 
Riemannian manifold (M, g) endowed with a volume form /i (/i being not necessarily induced by the met- 
ric g), is given by the group of all unimodular diffcomorphisms SDiff(M, /i) := {ip 6 Diff(M) | <p*fi = fi} 
of M . This group is -in a suitably chosen sense- an infinite dimensional Lie group whose Lie algebra 
X(M,fx) := {X € X(M) | div M (X) = 0} is the space of divergence free vector fields endowed with the 
opposite of the usual vector field bracket, and if X £ X(M, fj,) is a time-dependant divergence free vector 
field describing the velocity field of an incompressible fluid, then its dynamics is governed by the incom- 
pressible Euler equation -^X + VxX = Vp, where p is the pressure of the fluid. It turns out that this 
equation characterizes geodesies on SDiff (M, /x) with respect to the natural right-invariant L 2 -metric on 
SDiff (M, fj,) (see [6]), and can be seen as an Euler equation (or Lie-Poisson equation) on the "regular dual" 
of X{M,fi) (see 0). 

In this paper, we propose another configuration space to study the Euler equation when some symmetries 
are involved. Our point of departure is to assume that the fluid evolves on the total space of a principal 
bundle G ^ P — > B (P being connected and oriented). We assume also that the metric h p on P is G- 
invariant. In particular, the volume form /i P on P induced by h p is also G-invariant. This leads naturally 
to consider the group SAut(P, fi P ) of automorphims of P preserving the volume form \i p instead of the 
group SDiff(P, // p ) . In other words, we assume the vector field describing the velocity of the fluid to be 
initially G-invariant. This approach allows us to describe the Euler equation (in the presence of symme- 
tries), as a system of two coupled equations, one living on the space of free divergence (for a certain volume 
form) vector fields on B , the other living on the Lie algebra of the gauge group Gau(P) of P . In some 
cases, these equations are a particular case of the Euler- Yang-Mills equation of an incompressible classical 
charged ideal fluid moving on B , and are physically relevant for the cases G = S 1 (super-conductivity 
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equation, see HJ), G = SU(2) and G = SU(3) (chromohydrodynamics, see [HI [7]) . The terminology 
"Euler- Yang-Mills equation" comes from [7J . 

The second section of this paper describes the Lie group structure of the group SDiff(M, /i) G of all G- 
equivariant diffcomorphisms of a compact manifold M which preserve a volume form fi . The arguments 
are essentially those used by Hamilton in [5], Theorem 2.5.3, except that one has to check the construc- 
tions involving the Nash-Moscr inverse function theorem to "respect symmetries". In section [31 the careful 
study of the "structure" of a G-invariant volume form [i p on the total space P of a principal bundle 
G P — > B , allows us to give an integration formula (Proposition 13. 1 1[) which is necessary to deter- 
mine the Euler equation of the group SAut (P,/j, p ) (Theorem 14. 19[) . Finally in section [5[ we show, in the 
same spirit of [1], that SAut(-P, fi p ) is a Gau(P)-principal bundle whose base is a collection of connected 
components of SDiff(_B, V/j, b ) , where V [i B is a volume form on B related to the volume of the orbits of 
P . In particular, SAut(P, is a non-abelian extension of this collection of connected components of 
SDiff(B, Vn B ) by the gauge group Gau(P) . 

2 The group SDiff (M, fi) G as a tame Lie group 

This section deals with the differentiable and Lie group structure of some subgroups of the group of smooth 
diffcomorphisms of a compact manifold, using the infinite dimensional geometry point of view. For that 
purpose, we will use the category of tame Frechet manifolds developed by Hamilton in [3], and not simply 
the usual category of Frechet manifoldfQ. This choice is motivated by the necessity to use an inverse 
function theorem, which is available in Hamitlon's category contrary to the general Frechet setting. 
For the convenience of the reader, we recall here the basic definitions relevant for Hamilton's category : 

Definition 2.1. (i) A graded Frechet space (F, {|| . || ra } ra eN) i is a Frechet space F whose topology is defined 
by a collection of seminomas {|| . || ra } n gN which are increasing in strength: 

Wo< Wi< IN| 2 <- (i) 

for all x : £ F . 

(ii) A linear map L : F —> G between two graded Frechet spaces F and G is tame ( of degree r and base 
b) if for all n > b , there exists a constant C n > such that for all x £ F , 

||L(s)||„<C„IM| n+r . (2) 

(Hi) If (B, || . \\b) is a Banach space, then E(-B) denotes the graded Frechet space of all sequences {xk}keN 
of B such that for all n > 0, 

||{a; fc } feeN ||„ :=^ e nk \\x k \\ B < oo . (3) 

(iv) A graded Frechet space F is tame if there exist a Banach space B and two tame linear maps i : F — > 

£(£?) and p : £(-B) — > F such thatpoi is the identity on F . 

(v) Let F, G be two tame Frechet spaces, U an open subset of F and f : U —> G a map. We say that f is a 

smooth tame map if f is smooth and if for every k £ N and for every (x, Ui, Mfe) £ U X F X • ■ • F , 

1 The reader should be aware that beyond the Banach case, several noncquivalent theories of infinite dimensional manifolds 
coexist (see 1130 . but when the modelling spaces are Frechet spaces, then most of these theories coincide, and it is thus natural 
to talk, without any further references, of a Frechet manifold (as defined in [9] for example). 

2 By smooth we mean that / : U C F — > G is continuous and that for all k S N , the fcth derivative D k f : U X F X ■ ■ ■ X F — !> 
G exists and is jointly continuous on the product space, such as described in [9]. 
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there exist a neighborhood V of [x, Ui, life) in U x F x • • • F and bk, tq, r^eN smc/i i/ia£ /or 
every n > bk , i/iere exists C\ n > suc/i i/iatf 

||£l fe /(2/){ui, .... w fc }||n < C fc v „ (1 + \\y\\ n+ro + HwiHn+n + ■ • ■ + INIn+rJ , (4) 
/or every (y, v%, Ufc) € V , where D k f : UxFx---xF~^G denotes the kth derivative of f . 

Remark 2.2. In the sequel, we will use interchangeably the notation (Df)(x){v} or /* x u for the first 
derivative of f at a point x in direction v . 

As one may notice, tame Frechet spaces and smooth tame maps form a category, and it is thus natural 
to define a tame Frechet manifold as a Hausdorff topological space with an atlas of coordinates charts 
taking their value in tame Frechet spaces, such that the coordinate transition functions are all smooth 
tame maps (see [9]). The definition of a tame smooth map between tame Frechet manifolds is then 
straightforward, and we thus obtain a subcategory of the category of Frechet manifolds. 
In order to avoid confusion, let us also precise our notion of submanifold. We will say that a subset A4 of 
a tame Frechet manifold Af , endowed with the trace topology, is a submanifold, if for every point x G A4 , 
there exists a chart (U, ip) of M such that x G U and such that ^(WflM) = U x {0} , where <p(U) = U x V 
is a product of two open subsets of tame Frechet spaces. Note that a submanifold of a tame Frechet 
manifold is also a tame Frechet manifold. 

Finally, we define a tame Lie group Q as a tame Frechet manifold with a group structure such that the 
multiplication map Q x Q — >■ Q, (g,h) n> gh and the inverse map Q — > Q, g n> g^ 1 are smooth tame 
maps. A tame Lie subgroup is defined as being a subset of a tame Lie group which is a submanifold and 
a subgroup. A tame Lie subgroup is in particular a tame Lie group. 

Remark 2.3. The above notions of submanifolds, Lie groups and Lie subgroups are stated in the framework 
of tame Frechet manifolds, but of course, similar definitions -that we adopt- hold in the more general 
framework of Frechet manifolds. 

For the sake of completeness, let us state here the raison d'etre of tame Frechet spaces and tame Frechet 
manifolds (see [5]) : 

Theorem 2.4 (Nash-Moser inverse function Theorem). Let F,G be two tame Frechet spaces, U an open 
subset of F and f : U — » G a smooth tame map. If there exists an open subset V C U such that 

(i) Df(x) : F — > G is an linear isomorphism for all x € V , 

(ii) the map V x G — > F, (x, v) >— > (Df(x)) 1 {v} is a smooth tame map, 
then f is locally invertible on V and each local inverse is a smooth tame map. 

Remark 2.5. The Nash-Moser inverse function Theorem is important in geometric hydrodynamics, since 
one of its most important geometric object, namely the group of all smooth volume preserving diffeomor- 
phims SDiff(M, /i) := {ip G Diff(7\/) | ip* /j, = fi} of an oriented manifold (M, fi) , can only be given a rigorous 
Frechet Lie group structure by using an inverse function theorem (at least up to now). To our knowledge, 
only two authors succeeded in doing this. The first was Omori who showed and used an inverse function 
theorem in terms of ILB- spaces ("inverse limit of Banach spaces", see f _/#] /). and later on, Hamilton with 
his category of tame Frechet spaces together with the Nash-Moser inverse function Theorem (see ]3j). 
Nowadays, it is nevertheless not uncommon to find mistakes or big gaps in the literature when it comes 
to the differentiable structure of SDiff(i\/, fi) , even in some specialized textbooks in infinite dimensional 
geometry. The case of M being non-compact is even worse, and of course, no proof that SDiff (M, fx) is a 
"Lie group" is available in this case. 
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Now let M be a compact manifold and G a compact and connected Lie group acting on M . The action 
of G is denoted by d : G X M — > M and for g G G, we write d g : M — > M , x i-> a;) . 

Proposition 2.6. The group Diff(M) G := {95 6 Diff(M) \ dgOip = (pofig, Vg G G} is a tame Lie subgroup 
of the group Diff(M) . Its Lie algebra is the space X{M) G := {X G X(M) | d g ,X = X , Vg G G} . 

Proof. Choose a G-invariant metric h on M and define a map : — > 6* h-> 6* g by 

: =VolW/ G ( ^ ( ^ )l/G ' 
where .X^ G T^M . Since is a continuous projection, we have the following topological direct sum : 

Q 1 (M) = Q 1 (M) G © ker(pr), 

and as h is G-invariant, 

X(M) = X(M) G © ker(pr), (5) 

where pr : X(M) —> X(M) G is the projection obtained from pr using the duality between TM and T*M 
via the metric h . Notice that the decomposition §5§ implies that X(M) G is a tame Frechet space (it's a 
Frechet space because X(M) G is closed in X(M) and it's also a tame space because X(M) is tame, see [S], 
Definition 1.3.1 and Corollary 1.3.9). 

Let (U, <p) be the "standard" chart of Diff (M) at the identity element IcIm obtained using the metric 

h, i.e., tp(U) C X(M) and = cxp x (X x ) for X G tp(U) C £(M) and x G M . 

Restricting if necessary, we may assume = U\ x {/ 2 where C/i is an open subset of X(M) G and U2 
an open subset of ker(pf) . From the G-invariance of h , we also have : 

(i) if X G U-l , then f~ l {X) G Diff (M) G , 

(ii) exp tfg ( 2 .- ) = ^ 9 (cxpj, (X^)) for all x G M , for all X x G T^M and for all g G G . 
From (i) wc get <p _1 (?7i x {0}) CWn Diff (Af) G . 

On the other hand, if X G (£>(W) is such that <p~ x (X) <E U D Diff (il/) G , then for all g G G : 
tf 9 o = ((^(X)) otf s =► tf 9 (ex P:c (X x )) = exp 1?g(a , ) X l9s(x) Vx G M . 

Using (ii) , we then easily get 

X-a s ( x ) = (^ 9 )* x X x V.g G G , 

i. e., X G £(M) G . Therefore < J o~ 1 (Z7i x {0}) = WnDiff (M) G . The group Diff (A/) G is thus a tame subman- 
ifold of Diff (M) near IcLm and by translations, Diff (M) G becomes a tame Lie subgroup of Diff (M) G . □ 

Proposition 2.7. If 11 is a G-invariant volume form on M, then the group SDiff[M,fx) := {ip G 
SDiff(M, fi) I fig o ^ = ip o $ gj Vg G G} is a tome Lie subgroup of both Diff(M) G and SDiff(M, fj,) . Its Lie 
algebra is the space X(M, /i) G := X(M, fi) D X(M) G . 

In order to show this proposition, we need the following three lemmas . 

Lemma 2.8 (Helmholtz-Hodge decomposition). Let (Af, h) be a compact, connected, oriented Riemannian 
manifold without boundary and whose volume form [i = d volh is the volume form induced by the metric 
h . Then we have the following decomposition : 

X(M) = X(M,n)®Vn°(M). (6) 
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A proof of Lemma I2T51 is available in [3], page 341 or [5] . Note that in the decomposition ([5]), the space 
Vft°(M) is isomorphic to G£°(M,R) where C£°(M,R) := {/ £ G°°(M,R) | J M f fi = 0} . 

Lemma 2.9. Let G be a connected, compact Lie group which acts by isometries on a Riemannian manifold 
(M,h) . We assume M compact, connected and oriented, the orientation being given by [i := dvol^ . 
If X = X^ + V/ is the Helmholtz- Hodge decomposition of a vetor field X G X(M) (i.e. X^ G X(M,/j,) 
and f G Cq°(M,M.)) , then we have the following eguivalence : 



X e X(M) G X^ e X{M,pl) g and f € C^{M, 



In other words, 



X(M) G = X(M, fif © G °° (M, R) G , (7) 



where C£°(M, R) := {/ G C§°(M, R) | / o t? fl = /, V.g £ G} fwe denote by # : G X M ^ M the action of 
G on M). 

Proof. Let X = X^ + V/ G X(M) G be the Hclmholtz-Hodgc decomposition of a G-invariant vetor field. 
For g G G , we have : 

div (X) = div (X^) + A/ ^> div (X) = A/ =*> div (X) o fl = A/ o fl . (8) 
On the other hand, as X and h are G-invariant, 

div (X) o $ g = div (X) and (A/)oi? fl = A(fo$ g ). (9) 
From ([8]) together with ([9]), we get 

div(X) = A(fo# g ). (10) 

We deduce from ([5]) and (flU]) that / and /oiJ 9 satisfy the same elliptic equation on a compact connected 
manifold, and it is well known (see for example [12]), that the kernel of the Laplacian A on the space 
C°°(M, R) is reduced to the space of constant functions. Hence f ° $ g = f + c(g) where c(g) G R , and as 
J M ffj, = 0, we must have c(g) = for all g G G, i.e. / G G£°(Af,R) G . It follows that X^ = X - V/ G 
X(M,/j,) g since X and V/ are G-invariant. 

The other implication being trivial, the lemma follows. □ 

Let us introduce some terminology before the second lemma. Let (Li, ip) be the "standard" chart of 
Diff (M) near the identity element Idu such as in the proof of Proposition 12. 61 constructed from a G- 
invariant metric h (note that we can take h such that fj, = dvolh) ■ For X G <p(U), define P{X) G G°°(M, R) 
by: 

(<p- 1 (X))y = P(X)- f i. 

Without loss of generality, we may assume the volume form [i to be normalized and take U such that 
J M P(X) /i = 1 for all X 6 U . According to the Hclmholtz-Hodge decomposition, we have the following 
direct sum 

X(M) = X(M, n) © G^°(M, R) 

which allows us to define a map 



Q 



/ <p(U) C 3E(M) = X(M, /u) © Go°(M, R) — » X(A/, /i) © C$°(M, '. 
\ (X,f)^(X,P(X + Vf)-l). 



It is shown in [5], Theorem 2.5.3, that Q is invcrtiblc in a neighborhood of in X(M) . The following 
lemma shows also that Q is compatible with the symmetries of M . 
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Lemma 2.10. For all sufficiently small neighborhoods K of in X(M), we have 

Q{Kr\ X(M) g ) = Q{K) n X(M) G . 



(11) 



Proof. From the inverse function Theorem of Nash-Moser, there exists W C X(M) , a neighborhood of 
in X(M) , Vi a neighborhood of in X(M,fi) and V 2 a neighborhood of in C^°(M, R) such that 

Q\ Vl ,v 2 --v^v^w 

is a diffeomorphism. Let us make the following two observations : 

• restricting U if necessary, we may assume f(U) =V\ x V2 , 

• by compactness of the group G and continuity of the map G X V2 — > C^ D (M, R) , (5, /) i->/ot? 9 ,we can 

find 7 2 a 2 a neighborhood of in G£°(M, R) such that if / £ F 2 , then / o ?9 g £ V 2 for all .g G G . 



Let us show that the map Q restricted to (Vi x V 2 ) fl I(M) G is a diffeomorphism from (V\ x V2) RX(M) 
onto Q(Vi x V2) H X(A'/) G . For that purpose, it is sufficient to show that 



G 



Q((Vi xv 2 )n x{M) G ) =Q{v 1 xV 2 )n x(M) c 



(12) 

According to Lemma (|2.9|) . and since h is G-invariant, the inclusion from the left-handside to the right- 
handsidc of Q12[) is clear. 

Let us show the inverse inclusion. For (X, P[X + V/) — l) £ Q{V\ x V 2 ) (~lX(M) G , we have according to 
Lemma (|23|) . 

X £ X(A/,/i) G and P(X + V/) - 1 £ G °°(M,R) G . 



Thus, for g £ G 



(p(X + V/)-l) otf ff = P(X + V/)-l 

P(X + V /) o § g - 1 = P(X + V /) - 1 

p((tf ff )*(JT + V/)) = P(X + V/) (P is G-invariant) 

p((X + V(/otf ff ))) =P(X + V/) 
Q( X ,f°0 g ) = Q(X, f) 



ev 2 



=> f fig = f {Q is a diffeomorphism on Vi x V2) . 

Hence, (X, /) £ (Vi x V 2 ) nX(Af) G which implies (HI]). It follows that ((TTJ) holds for all sufficiently small 
neighborhoods if of in X(M) . □ 



Proof of Proposition \2.7\ Let us recall how to construct a chart centered at Id m of the group SDiff (M, ix) 
using the map G; • According to the proof of Theorem 2.5.3. in [5] and restricting the domain U of the chart 
(U, <p) if necessary, we can find K\ C X(M, /x) and K 2 £ C£°(M, R) , two neighborhoods of in X(M, /x) 
and G^°(M, R) respectively, such that G; : f{U) — > K\ x K 2 becomes a diffeomorphism. Then, denoting 



U 



s 



IA n SDiff (M, fi) , one can check that ilA s , (Q 



o [if 



is a chart of SDiff (M, /i) , i.e. 



(Q 



o (y| wS ) ) {K\ x {0}) = W s . On the other hand, choosing U sufficiently small, we know from 
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Lemma QT] that we may also assume Q((f(li) n X(M) G ) = Q(ip(U)) (~1 X(M) G . We then get the following 
commutative diagram : 




K x x {0} 



(13) 



U £ tp(U) K x x K 2 




{Q°<p)\ UG 



notations being obvious, for example, U G := U fl Diff (M) G . Clearly, 

{ uS,G > (Ql { us.o } ) ° (v>U<0 = (Q ° v) I 

is a chart of SDiff (M, /x) G (where W S ' G := W s n W G ) and therefore SDiff (M, /x) G is a submanifold of 
Diff (A/) G in a neighborhood of the identity. By translations, SDiff (M, /x) G becomes a tame Lie subgroup 
of Diff(M) G . 

The fact that SDiff (M, /i) G is also a Lie subgroup of SDiff (M, /x) can be proved similarly using the same 
techniques appearing above and in Proposition (|2.6[) . □ 

3 Some integration formulas for a principal bundle 

Let G » P — > B be a principal bundle and /i p a G-invariant metric on P (we assume that G and P are 
compact and connected) . In this section, we shall use the following terminology : 

• : P x G — s- P is the right action of the structure group G on the total space P , 

• O x C P is the orbit through the point x £ P for the action -d , 

• given g € G and ieP,we write # s : P — > P , a; H> $(;r, g) and ^ : G 4 0j C F, 5 4 ??(ar, (?) for 

the associated maps (note that $ x is a diffeomorphism from G onto O x , thus, one can consider the 
map : O x -> G), 

• if Xr S T^P for a given point x € P , we denote by X' the orthogonal projection of on T^O^ and 

X h the component of X x perpendicular to T x O x , 

• the Lie algebra of the group G is denoted by g , 

The metric h p being G-invariant, we naturally get an induced connection form 8 G ^(P, s) which is 
defined, for x e P and X x <E P K P , by : 

M**):=(0*.*£efl- (14) 
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In particular, one can check that 

(0 g yO = Ad( J g- 1 )8, (15) 

for all g G G . Recall also that for any vector field Z G X(B) , there exists a unique horizontal lift 
Z* G X(P) G satisfying 7r* x Z* = Z w(x) for all x G P (see [15]) . 
The following easy lemma describes more precisely the metric h p . 

Lemma 3.1. There exists a metric h B on B and an Euclidean structure h 3 on the trivial bundle Pxg 
such that : 

(i) h P (X x ,Y x ) = (tt* h B ) x (X x ,Y x ) + h x (6 x (X x ),6 x (Y x )) for all x G P and for all X X ,Y X G T X P , 

(ii) tt : (P,h p ) — > (B,h B ) is a Riemannian submersion, 

(Hi) hl g(x) (t,0 = h x (Ad(g)t,Ad(g)0 for all g e G, x € P and C G fj . 

Remark 3.2. The point (i) of Lemma \S.1\ gives a decomposition of the metric h p with respect to the 
horizontal and vertical tangent vectors of P . 

Remark 3.3. For x G P, fcer(7r* x ) = T x O x and the map 7r* x |, T , x : (TxOx) 1 - — > T^^B is a 
linear isomorphism (see ',.151) ■ In particular, there exists a canonical isomorphism between the space of 
G-invariant horizontal vector fields on P and the space of vector fields on B . 

Now, let us assume that P and B are oriented and let us denote by fi p and \i B the natural volume 
forms induced respectively on P and B by the metrics h p and h B . As for the metric h p , we want to give 
a precise description of the volume form fi p . 

Lemma 3.4. Let (E, h) be an Euclidean oriented vector space of finite dimension. We assume that 
E = Ei © E2 and also that h = p\h El + p* 2 h E where h Ei is a metric on E{ and pi : E\ © E2 — > Ei the 
canonical projection. 

If Ei is endowed with a given orientation, then 

E * Ei a * E--> 

(X = pi [i A p 2 fi - , 

where fi E ,[i Ei are the volume forms associated to the metrics h, h Ei respectively (we adopt the following 
convention: a basis f m } of E 2 is positive if and only if the family {ei, e n , /1, f m } is a positive 

basis of E whenever {ei, ...,e n } is a positive basis of Ei). 

Proof. Let {ei, e„} be a positive basis for Ei and {/1, f m } a positive basis for E 2 , the corresponding 
dual basis being respectively {e*,...,e*} and {/*,—,/„}• We introduce also hf* := h El (ei,ej) for i,j G 
{1, ...,n} and h E > := h E *(f h fc) for ij G {l,...,m} . 
From the definition of the volume form induced by a metric, we have 

f i E = (det (h$)) h (det (hff )) * e\ A ■ • ■ A < A A* A • ■ • A /* . 

On the other hand, 

= det (h%)i e$\ Ei A • • • A e* n \ Ei => p\ ^ = det (h E ^ e* A • • ■ A e* 



and similarly, p* 2 /i^ 2 = det (hf^i /* A • • • A /* . Hence, 

Pl ^ A p* 2 ^ = (det {h E l )) 1 (det (^)) 1 ej A ■ • • A < A A* A • • • A /* = A t £ . 
This proves the lemma. □ 
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Let us apply Lemma 13.41 to \i p . For x G P , we write : 

• E 1 := (T.O^ ; E 2 := T.O, , 

. ^(6, 6) := (^ M )*(6, 6) for 6,6 G , 

• ^f 2 (6, 6) := fcS(0x(&), M6)) for 6,6 6 S 2 . 

For i G {1,2}, is a metric on Ei and we have h F = p\h El + p^h? where pi : £i © E 2 — > E { is 
the canonical projection. Since we assume the manifold B oriented, the space E\ is also oriented by the 



isomorphism 7r* x 



Ttt(x)B . We fix on E 2 the orientation given by Lemma \'3. 41 We then have : 
^=pl^Ap* 2 ^-. 



(16) 



Remark 3.5. Orientations on P and B induce an orientation on G in the following way : for x G P , the 
spaces T x O x and q are isomorphic via the map Ox Lti m • Tx&x — ^ • But, the space T x O x being oriented 
(see above), the Lie algebra q is also oriented and induces an orientation on G . This orientation doesn't 
depend on the point i£P. In fact, if p,® ( s ^ e volume form on Q induced by the metric h\ , it is obvious 
that /i§ depends continuously of the point x G P , and the orientation induced by /iijj cannot be reversed. 



Lemma 3.6. With the above notations, we have 

* Ei 
PlV 



(7T fj, ) x 



(17) 



Proof. Let {U,(p) be a positive chart of B containing n(x) with local coordinates {x±, ...,x n } . This gives 
a positive basis for E\ : 



7r(:c) 



For i G {1, n} , define 

We have 
with 



\E 1 



-1 _d_ 

dxi 



7r(x) 



^=det(h^et 



hf> = h El {ei, ej) = h B {x) {-K* x e h 7r* x ej ) = h B {x) ^- 
Hence, p\ fi El = (det {h B )i o n)(x) e* A ■ ■ • A e* . 



(- 
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7r(x) 


dxj 


7r(x)/ 



= °*r)(a:). 



(18) 



On the other hand, 



/ d 

{■k* fi B ) x (ei, e„) = p b (x) {tt^ ei, ...,7r« x e„) = ^ (x) ( — 







d 






■k(x) 


"' <9a; n 


7r(x)) 



which implies that 



(tt'aOx = (det (^) 2 o 7r)(x) e* A • • • A e* n = p\ p l 
Thus, p^ £l - (tt^ 5 ).. 

Lemma 3.7. With the notations introduced before Lemma \3.b\ we have 



(det(/i£)*°7r)0r) (19) 



□ 



P 2 M 



(20) 



where is the volume form on q induced by the metric h® (see Remark \ 3.5\) and where 9* /i§ is the 
pullback of fx x by the linear map 8 X : T X P — > g . 
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Proof. Let {£i,-..,£m} be a positive basis for g (see Remark [33] for the question of the orientation of g). 
The family {($x)* e £1, • ($x)* e £m} is a positive basis for Ei and we have the formula: 

^ = det {hf?)% ((0 a )„ a Ci)' A • • • A ((tfzk £1/ (21) 
where " : E2 — > E^ denotes the "dualisation" operator with respect to the metric h x 2 . But, 

hf 2 = = fcg (**((**)•. &)> = frg&.&O = (fcg)y (22) 

and one can check, for u £ E2 , that 

« = = (23) 

From and ([221) applied to (Ell), it follows that : 

^ = det((/ l S) ii )^((C 1 ). e )*^) A-A^Ci?- 1 ),.)*^,) 

= det((^)*((0*e)*(^A---A^) 
= ((0..)%S- 

Finally, 

^ = P2 ((C 'k) * = (Wk o pa) * M o = 0* M g 

which is the desired formula. □ 

From Lemma 13.61 and Lemma 13.71 it follows, using formula (|16p . that 

M f = (^AA^^. (24) 

Let us consider the unique normalized volume form v G on G (note that v G is bi-invariant since G is 
compact and connected). For x £ P, let V(x) be the unique real number satisfying V(x) • v~ = /if.. 
The G-invariance of \i p implies the existence of a function V £ C°°(.B,R!!j_) such that V = V 071-. To 
summarize, 

Proposition 3.8. There exists a function V £ C°°(i?,R^_) suc/i £/ia£ 

f* p =7r*(V> B )A0*i/f , (25) 
where 9* v G £ fl' n (P) (m = dim{G)) is defined by 

(9*v°) x (X 1 ,...,X m ) = v G (e x (Xi) , 0* (X m )) , 

/or any x £ P and X\ , . . . , X m £ T X P . 

In order to give a geometrical interpretation to the function V , let us make the following remark. 

Remark 3.9. For x £ P , the orbit O x of P through the point x is canonically oriented via the orbit map 
•d x : G O x . This orientation on O x doesn't depend of the orbit map which is used because, for g £ G , 
the connectedness of G implies that the map 'd^ g i^ x ) : G ^ O x induces the same orientation. Thus, we 
can consider without ambiguities the volume form fi P x of O x induced by the restriction of the metric h p 
on O x . 
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Lemma 3.10. For x G P , we have the formula : 

lx * = (Van)(x).(#- 1 )*v G . (26) 

In particular, V(ir(x)^ = Vol(O x ) . 

Proof. Let / £ C°° (O x ,M.) be the unique map satisfying 

(Von)(x)-(#- 1 )*v G = f-n°*. (27) 
Let g G G be arbitrary. The forms ^ G and [i x being G- invariant, we have : 

(Fo 7 r)(x)-(C 1 )V G = /-^ =* r g ((Von)(x).^- l yu G )=^f-^) 



=> (V o tt)(x) ■ (tf- 1 )* v G = f o $ g ■ . (28) 

From (f2"Tf and (j2"5)l . it follows that / o $ g = f for all g € G . This implies that / is constant on O x . 

Let us show that f{x) = 1 . Let {u\, u m } be an orthonormal positive basis for T x O x (we assume that the 

dimension of G is equal to m). Observe that the map X \ T = {^ x 1 )* x : (T x O x , ^ P |t o ) ~ ^ (fl> ls 

• an isometry according to (i) in Lemma 13,11 . 

• an isomorphism which preserves the orientation according to Remark 13.51 . 
It follows that {(fix 1 )*? Mi, (i?^ 1 )*^. « m } is an orthonormal basis of g and 

(/(a) • «m) - ((V O 7r)(x) • (C 1 )* -, «m) 

=* /(*) = (V o • v G ((C 1 )*, Mi, (C 1 )*, «m) 

=> /(x) = /iS((^ 1 )^« 1 ,...,(^ 1 )*.«m) 

=> /(*) = !• 

The lemma follows. □ 

Before the end of this section, let us give an integration formula. 
Proposition 3.11. For f G G°°(5,R) , we have the following formula : 

(/ 07 r)- M p = / /-y M B . (29) 
p Jb 

Proposition 13 . 1 ll can be shown using two lemmas. 

Lemma 3.12. Let Ei,E% be two vector spaces of respective dimension n and m , fi G (A n El)\{0} and 
Pi : E := Ei x E% — > Ei the canonical projection associated (i = 1, 2) . For a G A m E* , we have : 

pJ/iAa = pJfiAa, (30) 

where a G A m E* is defined, for (m, «i), (u ) € E, by : 

anui,ui), (Um,Um)J := aK0,«i),...,(0,u m )J . (31) 
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Proof. Let {x\, x n } be a basis of E\ , {yi, y m } a basis of E% and let {z\, z n+m } denote the basis 
of E canonically associated, i.e., {z\, z n+rn } := {(xi, 0), (x„, 0), (0, yi), (0, 2/ TO )} . We can write 



\i = K ■ xj A ■ ■ ■ A x* (k £ I*) and a = 

l<il <• "<iTTi <ra+m 



ii...im ' A • • • A Zj 



We then have, 



z\ A • • • A z* A z* A • • • A z* 



p*(j, Aa = k-zJA-'-Az* A V] 

l<ii <---<-i m <n+m 

l<?'i < ■ "<i m <n+m 
= K Q^n+l...ri+rn ' ^1 A " ■ A Z„ A z n+l A • ■ ■ A Z n + m 

= Ka|(0,si), (0,y m )) • «i A ■•• Az 



On the other hand, if 



l<2i<"-<i TTl <n+m 



& ro+ro ' 



ti...*m ' z ii A ' ' ' A Z,; m , 



then, according to (|31|) , 

_ / \_ J a((0,2/i),...,(0,2/ m )j , for (ii,...,i m ) = (l,...,m). 

v 7 [ otherwise . 

The equality between (|3"3")l and p\ /i A 5 now follows from (|3~Hl . 
For the second lemma, we fix a local trivialization (U, tp) of B : 




UxG 



U 



(the map 'J being G-equivariant). 
Lemma 3.13. We have 

(M/- 1 )*^ = (Vo pri ) ■ (pri A (pr* 

Proof. From (|25]l. 

-1\*..-P 



(f- 1 )*^ = (tf" 1 )* ((V O 7T) • 7T> B A 0* vf\ 

= {Vono • ^((*- 1 )*7r* M B ) A I/< 

= (Fopn)- (7p^p s ) A ((*" 1 )*e*i/f) 



(32) 



(33) 



(34) 
□ 



(35) 



(36) 
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For (x,g) e U x G G T X B and £1, £ m €T g G (we assume the dimension of G equal to m), we 

have : 



(of- 1 )**?* if) (Ka),..,^^)) 
(** g) h*L .... («*., u) 

Let s : {/ — 5- P be the local section which characterizes the trivialization "J , i.e., 

*- 1 (x,g)=# g (s(x)) =#(s{x),g), 
for all (x,g) &U xG. For i 6 {l,...,m}, we have 

= (l? ff )*S* x Uj + (0 S (ai))* s £ 



which yields, together with (fT5|) , 



We can notice in formula ([55)1 , that 



It follows, taking itj = in ()37|) . that : 

0(*-i)(x, 9 ) (** ( i, s) (°> &)) , 9{<a-i){x, g ) (**(i, s) (°> 6") 



One concludes by applying Lemma 13.121 . 



(37) 



(38) 



(39) 



□ 



Proof of Proposition \3.11\ Let {(CA, (pi) \ i £ {1, s}} be an atlas of B whose charts ({/,, ^) are positive 
and trivializing: 

7T — {Uij — Ui x G 




V, 
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We also take | ((Uu <Pi) > a ij * € {lj •••! s }| a partition of unity of £> subordinate to {[/, | i G {1, ,s}} . 

We take on Ui x G the orientation induced by the volume form ((pr\)*(V/j, B )) A ((prl)* v G ) ■ For this 
orientation, "I^ is a diffcomorphism which preserves orientation and from Lemma 13.131 we have 

/ (/ ° Ti") ' M P = E / («i ° i") • (/ o tt) • = V / (a, o tt) • (/ o tt) • 

^ i= i ^ i= i A-mc/.) 

j =1 JC/iXG i=l JUiXG 

= V Volume (G) / a i -f-V i i B = ( f-V^. 

i=1 

This proves the proposition. □ 



4 The Euler equation of SAut (P, 

For a Frcchet Lie algebra (g, [, ]) endowed with a continuous, symmetric, weakly non-degenerate and 
positive-definite bilinear form < , > , we define the regular dual g* eg C g* of g as the range of the injective 
and continuous operator g — > g*, £ — > <£, . > . For £ G g , we also define the operator ad*(£) : g* eg — s> g* 
via the formula : 

(ad*(£) a, O :="(«. <«*(0O. (40) 

where a G g* eg and £' G g . Observe that the range of ad* (£) is not necessarily included in g* eg (it is the 
case, for example if ad(£) possesses a transpose with respect to the metric < , >). 

Definition 4.1. If ad*(l;) takes values in g* eg for all £ G g , we define the Euler equation associated to 
the Lie algebra g with respect to the metric < , > as : 

±r) = ad*(r,t)r,, (41) 

where r\ is a smooth curve in g* eg and where " S " : g* eg — > g denotes the canonical operator induced by 
the metric < , > . 

Remark 4.2. 7/c. is a geodesic in a finite dimensional Lie group G with respect to a right-invariant metric 
< , > , then the curve r\ := [(R g -i )* g gf' , where R g _ 1 : G — > G , h i— > hg^ 1 , is a curve in g* satisfying the 
Euler equation (|4ip . Conversely, if T] is a curve in g* satisfying (|4ip . t/ien one may recover a geodesic 
in G via the "reconstruction procedure" , i.e., by solving a specific first order differential equation (see ]16\/ 
for more details). The geodesic equation on a Lie group with respect to a right-invariant metric and the 
Euler equation (|4ip are thus equivalent. 

We want next to determine the Euler equation of the Lie algebra of the group 

SAut(P, pi P ) := {if G Diff(P) | ip*fi p = fi p and ip is G-cquivariant} , (42) 

with respect to a natural L 2 -metric (see (|52"j) ) . Note that SAut(P, pL P ) = SDiff(P, [J. P ) G and thus it is a 
tame Lie group by Proposition 12 .71 . and its Lie algebra is the space X(P, fJ. p ) G endowed with the opposite 
of the usual vector field bracket. Note also that SAut(P, fi p ) = Aut(P) n SDiff(P, fi p ) where 

Aut(P) := {ip G Diff(P) | ip is G-cquivariant} (43) 

is the group of smooth automorphisms of P . 
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4.1 The identification of X(P, /x p ) G and X(B, V/j b ) © g) G 
Set 

C°°(P, g) G := {/ e C°°(P, fl) | / o § g = Adig- 1 ) f , Vff G G} 
and define $ : X(P) G -> X(P) © C°°(P,g) G as : 



(44) 



where X G X(P) and where ir*X h G X(P) denotes the vector field defined for x = 7r(y) E B, by 
(7r*X' l ) K := 7r* B X^ . One can check using Remark 13.31 and (fT5j) that $ is well defined and invertible, the 
inverse being given by (^(X, f)) x = X* x + {<d x )*J(x) , where X G X(P) , / G C°°(P, g) G and x E P . 
The space X(P) G being a Lie algebra, X(P) © C°°(P, g) G naturally inherits a Lie algebra structure. More 
precisely, 



Proposition 4.3. The Lie bracket of the Lie algebra X(P) © C°°(P, g) G is given by 

[(z,f),(z'j')]=-([z,z'], [f,f] + z*(f)-(z')*(f) + n(z*, (z'y) 



(45) 



where Q G f2 (P, g) is the curvature of the connection 9 , i.e., f2^(X, y) = 6 X ([X ,Y ]) /or x G P cmd 

x,y g p.p. 

Remark 4.4. TTie minus sign appearing in front of the term (j45[) comes from the fact that we consider 
on X(P) G £/ie Lie bracket induced by the Lie group structure of Aut(P) . 

Let us give some lemmas to prove this result. 

Lemma 4.5. Let X, Y G X(P) G fee G-invariant vector fields with Y vertical. We have 

[X,Y] X = (tf x )* e X x (0(Y)), (46) 

where x G P . 
Proof. We have 



Moreover, y being vertical, 



y 



(x) - ds 



^f(x),cx P ( s ^ f(x) (y))) 



(47) 



(48) 



Using the G-invariancc of X together with (|4"8")) in (|4T|) . we get 



[X,Y] 3 



d_ 

dt 
d_ 

dt 



d_ 

o ds 
d 

n ds 



(<f£ t )U(<pX(x),exj> (s8 v?{x) (Y))) 



dt 



§(x, exp (s6 v x {x) (Y)) 
v ?( x) (Y) = (# x )* e X x (6(Y)) 



WW 



00 



which proves the lemma. 



□ 
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The following lemma is proved in |15j . 
Lemma 4.6. Let X, Y G X(P) G be G-invariant vector fields and x G P . We have : 
[X h ,Y% = [(ir*X h ), (7T*Y h )]* x + (# x )* e n x (X h ,Y h ). 



(49) 



Proof of Proposition \4-3\ Let X, Y G X(P) G be two G-invariant vector fields and x G P. From Lemma 
14.51 and Lemma 14.61 . we get : 



[X,Y] X 



[X h , Y% + [X h , Y v ] x + [X v , Y h ] x + [X v , Y v ] x 
{ir*X h ), (7r»y' 1 )] * + (tf x )*n x (X h , Y h ) + {^ x )* e x^(e(Y v )) 

-(ti x )* e Y x h (6(X v )) + [(# x )*J(X u ),($ x )*J(Y v )] x 



= {$ x )*Mx v ),e{Y v )\ 
(n*x h ), (tt^f' 1 )] , [o(x v ), e(Y v )] +x h x {e{Y v )^j -Y*(e(x v )) + n x (x h ,Y h ) 



which is the desired formula. 



□ 



For G-invariant vector fields on P with zero divergence with respect to the volume form [i F , we have 
the following proposition. 



Proposition 4.7. The map $ induces a M-linear isomorphism : 

X(P, M P ) G S X(B, Vn B ) © G°°(P, gf , 
i.e., ifXe X(P) G , thenX G X(P,n P ) G if and only if <$>(X) G X(B, TV 3 ) © G°°(P, g) G . 

To show Proposition ^. 71 we need the following Lemma : 
Lemma 4.8. For X G X(P) G , we have : 

(i) X(Vott) = ((7r,X)(y)) on, 

(it) £x(tt*m b ) =7r*(£ 7r , x (/x B )) = (<&V (7r*X)o7r) -ttV, 
(iii) (7r*At B ) ACxiO'v?) =0. 



(50) 



Proof. The point (i) is obvious. Let us show (ii) . Using the relation 7r o ip y t 



x 



(It 
(I 
~t 



dt 



I X\* B 



d_ 

dt 



m on) fi 



o 7r , we sec that 



* B 



1" m ) V> = 7T 



<7f 



For (iii) , let us take x G P and I,Fe X(P) G with F vertical. We have, 



{CxO) x {Y x ) 



dt 



(i^ r e) x (Y x ) = j t ^ ( .,((vf),.n) = ^ (*S(«))v« ( ^ } - y - (51) 
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If in (fBTj) . we look at Y x as an element of T x O x and (pf as a diffeomorphim between O x and O^x^ , then, 



(£x%(Fx) = | 



(i 



Hence, the form Cx{0*v G ) only depends on horizontal vector fields of P. Now (m) follows from Lemma 
I3A21 . □ 

Proof of Proposition Let X G X(P) G be a G-invariant vector field. From (j2"5)) together with Lemma 
14.81 we have: 

C X H P = £x ({V o tt) ■ tt*^ 5 A 6>* z/ e G ) 

= X(V o tt) • ttV s A 9* v G + {V o tt) • £ x (7r> B ) A (9* i/ G + o tt) • tt*h b A £ x (0* v G ) 
= ((vr**)^)) o tt • — j— • M p + (div^B (tT**) o tt) • [i p 

= (divy^B (7r*-X")J on ■ fi p . 



Hence, 

div^-p (X) = (div^s (7T»X)) o tt , 

which proves the proposition. □ 

Finally, X(B,V/j, b ) and C°°(P, g) being closed subspaces of the Frechet spaces X(P) and C°°(P, g) 
respectively, we naturally get a structure of Frechet space on X(B 1 VpL B ) © C°°(P, g) . We denote by 
<f> : X(P^ P ) G -> X(P,^ B ) © C°°(P,g) G the restriction of $ to X(P,^ P ) • 

Lemma 4.9. TTie map $ is a continuous R— linear isomorphism between Frechet spaces. 

Proof. From Proposition 14.71 we know that $ is a bijection. Let us show that $ is continuous. If a is a 
smooth curve of X(P, n P ) G , then, according to the characterization of smooth curves in a space of sections 
(see [2], Lemma 30.8.), and also from the definition of $ (see (011)), it comes out that $ o a is a smooth 
curve of X(B,Vfi B ) © C°°(P, g) G . This implies that $ is smooth, in particular, <& is continuous. In a 
similar way, one can prove that $ _1 is also continuous. □ 

Remark 4.10. It follows from Proposition\JU\and Lemma\J^\that X(P, n P ) G and X{B, Vfi B )®C°°(P, g) G 
are isomorphic in the category of Frechet Lie algebras. 

4.2 The regular dual of X(P, ^i p ) G 

Let < , > be the scalar product on X(P, fJ. p ) G defined as 

<X,Y>:= J^h P (X x ,Y x )-fi p , (52) 

where X 7 Y £ X(P, ^ P ) G ■ This scalar product induces a metric on X(P, Vpi B ) © C°°(P, g) G via the map 
$ (see Proposition ^. 7\ : 

<(XJ),(X', /')>:= / fc^S- 1 ^,/)*, r^i'j'W'/, 
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where (X, /), (X', /') G X(B, Vpi B ) © C°°(P, q) g . A more explicit description of this metric can be given 
using Lemma 13.11 and Proposition 13.111 : 

<(XJ),(X'J')> = J hZ(xZ + (0 x ). a f(x) t {X% + f'(xj).» p 

= J p (n*h B ) x (x:,(X'):)^ P + J p hUf(x)J'(x))-t, p 

= J p h B (x) (x Mx) , (X') T(X) ) -V P + J p h x (f(x),f'(x)) ■ fi p 

= jT h B x (X x , (X%) ■ Vfj, B + h°(f(x), f(x)) ■ n p . (53) 

Denoting X b := h B (X, . ) G Q^B) the differential form "dual" to X and f := h B (f, . ) G C°°(P,q*) g = 
{/ G C°°(P, 0*) | / o § g = Ad* fa" 1 ) / , V.g G G} , we can rewrite ([53]) as : 

<(X,/),(X',/')> = / A b (A')-y/i B + / (/ b (s), /'(*)) -/i P , (54) 

JB JP 

where ( . , . ) denotes the pairing between g and q* . 

Set A : X(B,V/j, b ) © C°°(P,g) G -> (x^lV 3 ) © C*°°(P,0) G )* to be the continuous and injective 
dualisation operator defined as A((X, /)) := <(X, /) , . > (" * " being the topological dual) . 

Definition 4.11. We define the regular dual (x(B, V n B ) © C°°(P, g) G ) * of X{B, Vfi B ) © C°°(P, q) g 

\ J reg 

as the range of the operator A in the full topological dual of X(B, V/i B ) © C°°(P, g) G . 
Proposition 4.12. We have an isomorphism of Frechet spaces 

(x(B,Vf, B ) ©C°°(P )0 ) G )^ -|» j^jy © C°°(P, *) G , (55) 

where <J is defined for (X, f) G X(B, V \i B ) © C°°(P, g) G by 

:=([X b ],/ b ). (56) 

We will show Proposition 14.121 using two lemmas. The first lemma is a slight generalization of the 
Hclmholtz-Hodge decomposition (see Lemma T2. 8 1) . 

Lemma 4.13 (Hclmholtz-Hodge decomposition). Let (M,g) be a compact, connected, oriented Rieman- 
nian manifold without boundary, endowed with the volume form induced by g . for f G C°°(M, K5_) , we 
have the following decomposition : 

X(M) = X(M, n) © /Vn°(Af) . (57) 

Proof. Let X G X(M) be a vector field and assume that the decomposition ([57)) exists. Thus, we can write 
X = X' 1 + /Vp for X^ 1 G X(M, fx) , p E n°{M) , and we have : 

div^X) = div„(/Vp) = (4f)(Vp) + /Ap. (58) 

Let / : [0,1] — > C°°(M,K^_) be a continuous path such that / = 1 and fx = f ■ For t G [0,1] , we 
also denote I t : C°°(M,R) ->■ C^°(M,R) := {/i G C°°(Af,R) | / M /i • \i = 0} the operator defined for 
p G C°°(M, R) , by It(p) := (df t )(Vp) + /*Ap. It comes out that 7 t is a continuous path of elliptic 
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operators (acting on a suitable Sobolev space), and for t E [0, 1] , the kernel of I t is 1-dimensional (this 
comes from the fact that locally, It is without constant terms, and for that kind of elliptic operators, the 
kernel reduces to constant functions, see [H]). Moreover, it is well known that on a compact orientablc 
Riemannian manifold, the operator A : C°°(M, R) — > Cq°(M,M.) is surjective (see for example [H]). 
Thus Ind(Ii) = Ind(Io) = 1 — = 1. It follows that I\ is surjective and in particular, equation (|58[) 
possesses a unique solution defined modulo a constant. If we take a function p as a solution of (JSHJ), it is 
straightforward to check that X = (X — fVp) + fVp is the desired decomposition. □ 

The second lemma concerns the topology we put on the space (O 1 (B) / d fl° (B)) © C°°(P,g*) G . 

Lemma 4.14. The space dQ°(B) is closed in f2 1 (_B). In particular, the quotient il 1 (B)/dQP(B) is a 
Frechet space. 

Proof. Let (/ n )neN be a sequence of Q°(B) such that df„ — > a £ fi 1 (B) for a £ fi 1 (B) . We have to show 
that the form a is exact. For that, it is sufficient to show that the integral of a on any smooth closed 
curve of B is zero. 

Let c : S 1 —> B be a smooth closed curve of B . From the continuity of integration on f2 1 (i?) , it follows 
that : 



a= lim (df n ) = lim / df n = . 

Jc Jc ™^°° ™^°° Jc 



This proves the lemma. □ 

The set C°°(P, g*) G being closed in the Frechet space C°°(P, Q*) , it follows that C°°(P, g*) G is naturally 
a Frechet space and, according to Lemma l4~T4l the direct sum (Q, 1 (B)/dn°(B)) © C°°(P, q*) g is a Frechet 
space. 

Remark 4.15. Lemma \4. H\ implies that the sum (|57[) is a topological sum. 

Proof of Proposition \4-13\ We will explicitly construct an inverse of foi. First, observe that the re- 
lations X(B,Vn B ) = (l/V)X(B,fi B ) and X{B) = £(£>, © Wn°(B) (see Lemma EM im p!y the 
decomposition X(B) = X(B, V/j, b ) © V£l°(B) . With respect to this decomposition, we define P : X(B) — > 

X(B,Vfi B ) , the associated projection. One can check that the map (^l 1 (B)/dn (B)j © C°°(P,g*) G ->■ 

X(B,Vn B ) © C°°(P,0) G , ([a],C) H- (P(a t) ),C J ) is the inverse of * o A ("»" denotes the inverse of the 
dualisation operator " b " ) . 

For the continuity of o A and its inverse, one can use arguments similar to those we used in Lemma 
SU. □ 

Remark 4.16. Since the two vector spaces (x{B, V^ B )®C°°(P, g) G ) * and (n 1 (B)/dQ°(Bfj © C°°(P, g*) G 

are linearly isomorphic via "J , it follows that the spaces X{B, Vji B ) ffiC°°(P, g) G and (vi 1 (B)/dVL a (B) 
C°°(P,Q*) G are naturally in duality, the pairing, according to ([54]) . being : 



(([a], 0, (X, /)) := j B a(X) ■ Vfi B + (£, f)-fi p , (59) 
foraen^B), C G C°°(P,0*) G , X EX(B,Vn B ) and f eC°°(P,Q) G . 
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4.3 Determination of the Euler equation 

With the above identifications of Frcchet spaces, namely %(P,/i p ) G = X(B,V/j, b ) © C°°(P, g) G and 
(X(P, fi p ) G )* reg = (n 1 (B)/dn°(B)j © C°°(P,0*) G , we can give a geometrical description of the map ad* 
associated to the Lie algebra X(P,/i p ) G . 

Proposition 4.17. For X E X(B,Vn B ), f E C°°(P,g) G , a E fl^B) and £ E C°°(P,9*) G , we have 

ad*(XJ)([a},0 = ([-£ x a-^) + (£h?nj\ , -ad*(f) £ - X*(£)) , (60) 

where (£, d/) and (£, i x *Q) are two 1- forms of B defined for b E B , Z E X(B) and x E P such that 
tt(x) = b , by : 

&df) b (Z b ) := fa), (df) x Z*) and (£i£h) b (Z b ) := fa), Q(X*, Z* x )) . (61) 
Remark 4.18. One can check that the forms defined in (|61[) are well defined. 

Proof of Proposition \4-17\ Let X, X' E X{B,V^l b ) be vector fields with zero divergence on B, /,/' 6 
C°°(P,g) G , a E n\B) and £ E C°°(P,q*) g . From @5), ([Ml) and RemarkSUl we have : 



(ad*(X,/)(H,0, (*',/')) =-(([«U). ad(X,f)(X',f')] 
= (([a],0, ([X,X% [/,/'] +X*(/')-(X'r(/)+0(X*,(X')*))) 



We now compute separately each term : 

/ a([X,X'])- V 3 - / aM [x , x , ] {V f x B ) = [ a A[£ x ,i x ,](V» B ) 
Jb Jb Jb 

= f a A C x i x ,(Vti B ) - [ a Ai x , C x (Vfi B ) = - f (C x a)(X') ■ Vfi B . (62) 
'b Jb v v ' Jb 

=o 

(£, [f, /']) • M P = / (€, ad(/)(/')) • M P = - / (ad*(/) £, /') • M P ■ (63) 
p Jp jp 

(C,X*(/'))-M P = / X*(Z,f')-fi p - / (X*(0,f)-» p = - [ (X*(0,f')-n P • (64) 
p Vp Jp Jp 

(£,(X')*(/))-M P = - / (£,#((*')*)) '^ P = - / (1^f)(X')-^ B . (65) 
Jp 

(C, (XT)) -V P = [ p (6 (**•«)((*')*)) • M P = ^ • ^ s . (66) 



Hence, 



(ad*(X, /)([«],£), (X',/')) = / (-C x a-(Z,df) + (Z,i x *{l))(X')-Vti B 

+ ^ ( - ad *(/)£- X* (£),/')• M P =( ( [-Cxa- (tdf)+(C^n)} , -ad * (/) t-X* (£)) , (X', /')) . 
The proposition follows. □ 
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Theorem 4.19. The Euler equation of the group SAut(P, p p ) on the regular dual of X(P, p p ) G can be 
written : 



j t [a] = + i x .fi)] 

^ = -a<T(/K-X*(0 



dt ' ( 67 ) 



dt 

where X G £(£,V> B ), a G fi^B), / G C°°(P,g) G , £ G C°°(P,0*) G fi/iese quantities being time- 
dependant) and where 

f b =£, i.e., £(x) :=ftg(/(x), .)forxeP; 
[X b ] = [a] where X b x := h B (X x , . ) for x e B . 



Remark 4.20. According to Remark \4-2\ equations (|67[) describes -at least formally- geodesies in SDiff(P, p p ) 
with respect to the natural L 2 -metric; a smooth curve tp in SDiff(P, p p ) is (formally) a geodesic in 
SDiff(P, p p ) if and only if the curve 

(*oio$)((]{ fl ),j) = (*oAo$)(^o^- 1 ) (68) 

is a solution of equation (|67|) (see (|44[) and proposition ^. 12\ for the definitions of ^ , A , $,). 

Remark 4.21. If the Euclidean structure h s on P x g is constant (i.e. independent of the fibers), then : 

• = ^(ll/ll 2 ) . ^us [(£#)] =0, 

• tfie function V G C°°(B,R+) is constant and X(B,Vp B ) = X(B,/i B ) . 

Remark 4.22. J/ £/ie Euclidean structure h s on P x q is constant and if the curvature fi of the bundle 
G P — > B vanishes, then the first equation of j67\) reduces to the autonomous equation : 



j t [a] = [-Cxa]. (69) 

In this case, system models the passive motion in ideal hydrodynamical flow (see \20\j . JJdjj) . 

Remark 4.23. Using the formula C x {X b ) = {V x X) b + \d(h B {X,X)) for X G X(B) (see JE/), we can 
rewrite the first equation of as : 



jX = -v x x - <£,df) + (f, i*.n) + v P , (70) 

where p G C°°(B,R) is determined by the condition div Vfl B(X) = 0. 

If wc specialize to the case of a S^-principal bundle with a 3-dimcnsional base manifold, and if h B is 
given by the formula h%{p, g) := pg for x G P and p, g G R (we identify the Lie algebra of S* 1 with R), 
then : 

• the curvature fi projects itself on a 2-form fi G fi 2 (B) . Similarly, any function / G C°°(P, R) s projects 

itself on a function / G C°°(B, R) . 

• One can define a vector field 03 G X(B, p B ) via the relation i<g p B = fi , 



wc have the formula X x 03 = (ix fi)' for all vector fields X G X(B) 
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In these conditions, it is easy to see that (|67p is equivalent to 



X = -V X X + fX x 03 + Vp, 

il-nh. 

These equations, known as the "superconductivity equations" , models the motion of an ideal charged fluid 
in a given magnetic field 03 where X represents the velocity field and / the charge density (see [21]) . 

Remark 4.24. The appearance of the magnetic term 03 in (|71|) is not surprising since classical electro- 
magnetism is described in the language of gauge theories, where electromagnetic field is interpreted as the 
curvature of a connection form on a S 1 —principal bundle. 

Remark 4.25. If the Euclidean structure h s on P x g is constant, then the metric h p turns out to be a 
Kaluza-Klein metric on P (see formula (2.5) of ^) and (|67p becomes a particular case of the Euler-Yang- 
Mills equations of an incompressible homogeneous Yang-Mills ideal fluid (compare with formula (5.23) in 
J^j). The absence of an electric term in (|67[) seems to be due to the fact that the connection 9 is not 
a dynamical variable in our framework. This is not surprising since in the Yang-Mills formulation of 
electromagnetism, the configuration space is the space of all connections of the principal bundle describing 
the physical system. 

5 The group SAut (P, fi p ) as the total space of a Gau(P)-principal 
bundle 

5.1 The principal fiber bundle structure of SAut (P, /i p ) 

For tp g Aut(P) , we denote by ip G Diff(i?) the unique diffeomorphism of B satisfying : 

tp O 7T = TT O If . (72) 

Note that the map p : Aut(P) — > Diff(£>) , ip —> <p is a group morphism . 

Proposition 5.1. An automorphism Lp G Aut(P) belongs to SAut(P, fi p ) if and only ifip g SDiff(B, Vfi B ) . 
Proof. From (|2"5j) , we have : 

<p*Li p = <p*((Voir)-ir*ti B A6*v^ = (^ o tt o • (V ^> B ) A (V#V e G ) . (73) 

For ip g Aut(P) , we write f v G C°°(B, R*) the unique function determined by the relation ip* \x B = f v -[L B . 
We then have : 

(V O 7T O ip) ■ (^ip* IT* II B ^j = (V O ip O n) ■ (jT O ip)* jl B = (V O tp O 7r) • O 7r)*/i S 

= (V o tp o tt) • n*ip*n B = (V o tp o tt) • 7T* (f v ■ n B ) 

= (V O tp O TT) • (f V O TT) • TT*/-l B . (74) 

On the other hand, for x E P , and for vertical tangent vectors u\, u m G T X P (we assume dim(G) = m), 
we have : 

(y*(6*VeYj (ui,...,u m ) = {8*Ve) v ( x )(y* m ui,...,<p* x u m ) 

= (^){9 v (x)('^* !C ui),...,9 v{x) (p^u m ) 
= (^f)((^%(Ml),-,(v*%(Mm))- 
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The diffcomorphism ip being G-equivariant, one can show that p*6 is a connection form. In particular, 
Ui being vertical, (<p*0) x (ui) = 9 x (ui) for i G {1, ...,m} , and also, 

(?>*(0*i/f)) (ui,...,u„0 = (i/f)(0 a (ui),...,0 a ,KO) = (6*v?) x (u u ...,u m ). (75) 

From Lemma f3TT2l ((75)) and ((T4j) , we get 

P-nr~^~„\ fw„J -*..b a a*„G _ V"°^°7r-/ y °7T p 



Thus, 



<p V = (1/ O 5 O TT) • (r O TT) • TT*^ A 6»*^ = * 

Von 



<P fl = fl ^> — = 1 <^> ,/ 07T= — I O TT <^> / * 



V O TT \V O ip J V O ip 

<*• = ^ • M B <?*( V 3 ) = V> s . 

K o (p 

This proves the proposition. □ 

Before we show that SAut(P, /i p ) is a Gau(P)-principal fiber bundle, where Gau(P) := {ip G Aut(P) | <p = 
Ids} , we will first prove that Aut(P) is a Gau(P)-principal fiber bundle and we will see how to use Propo- 
sition [5T] to get a similar result for SAut(P, n P ) . 

Let us recall some basic facts about the group Gau(P) (see [T3], pQ) : 
Proposition 5.2 ([I]). We have : 

(i) the group Gau(P) = {</? G Aut(P) \ ip = Ids} is a closed Frechet Lie subgroup of Aut(P) whose Lie 

algebra can be identified with the space of vertical vector fields of P ( see Theorem 3. 1 and Theorem 
3.7 in fj]/;, 

(ii) The set {/ G C°°(P, G)\fod g = c g -i o/,Vfl G G} =: C°°(P,G) G (where c g : G -¥ G,h -> 

ghg~ x ), is a closed Frechet Lie subgroup of the current group G°°(P, G) endowed with the pointwise 
multiplication (see 119f ). whose Lie algebra can be identified with the Frechet space G°°(P, g) G := 
{/ G G°° (P, g) | / o $ g = Adig- 1 ) f , V 5 G G} , 

(m) we have an isomorphism of Frechet Lie groups : 

C°°(P,G) G -> Ga«(P), /->0 /co (.)- (76) 

Remark 5.3. 7Vo£e £/ia£ £/ie above proposition is expressed in the category of Frechet Lie groups, and not in 
the category of tame Frechet Lie groups of Hamilton (see JJJ/J. This is not really burdensome since, in the 
rest of this paper, we will not have to use the inverse function Theorem of Nash-Moser. Consequently, we 
don't need the subtle category of Hamilton anymore, and the rest of this paper should be -unless otherwise 
stated- understood withing the framework of Frechet Lie groups. 

In the following, we will often identify Gau(P) and G°°(P, G) G via the isomorphism defined in (JTSJ) • 
Let us introduce some terminology : 

• let A : Aut(P) x Gau(P) — > Aut(P) be the right action of the group Gau(P) on Aut(P) , defined by : 

(Afo /))(*):=*,(*) (*>(*)), (77) 
for p G Aut(P), / G Gau(P) and x G P , 
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for X G %{P) G , let X G X(B) be the vector field defined by X b := ir* m X x for b G B and where x G P 
is such that n(x) = b , 

• Diff ~(B) := {ip G Diff(B) | ip G Aut(P)} (according to J72|, Diff is a group). 

Lemma 5.4. The group Diff~(B) is a union of connected components of Diff(B) containing Diff°(B) . 
In particular, Diff~(B) is naturally a tame Frechet Lie group. 

Proof. Let <p G Aut(P) be an automorphism of P and ip an element of the connected component of Diff(£?) 
containing <p . To prove the lemma, it is sufficient to show that ip G Diff~(B) . 
Let ipt be a smooth curve of Diff(_B) joining (p and ip , i.e. : 

ipo — <fi and ipi = ip . 

For to G [0, 1] and xo G B , we set 

d 



dt 



to 



X* 

It turns out that X is a time-dependant vector field on B with the property that the flow ip t t of its 
horizontal lift A" t * satisfies : 

/ XT\ XT X, i ~-l 

yft ) = ft = ft = Vt ° <p ■ 

Thus, 

'x*~^ \ ~x 



{ft * ° f) = ft ' ° f = i't ° f 1 ° f = i't ■ 

It follows that ip = ip\ = [iff 1 o ip\ belongs to DifF~(B) . □ 
Lemma 5.5. If ip, ip G Aut(P) satisfy !p = ip , then the map 

A(<p, i>) : P^G,x^ (^ x) )Wx)) , (78) 

is smooth. 

Proof. Let U and V be the domains of two trivializing charts of B 

n-^U) *UxG v- l {V) — >- V x G 





U 7T \ / V 

pr\ \ / W\ 

U V 



such that tp(U) C V . As <p and ip are G-equivariant, there exists s v , s^ G C°°(U,G) such that for all 
(x,g) eU xG, (^opo^fi^) = (lp{x),a^{x)-g) and (^yo^o^j^j) = {(p\x),s+{x) • g) . For 
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tyy (x,g) £ 7r 1 (C/) , we then have : 



??/ \ [^{x), s v {x) ■ g) = {^{x), s^{x) ■ g) 

^(x)-.g.(A(^V')°* t 7)(^5)) = (£(*), ^(x)-.9). 



It follows that (A(</j,V0 o 1'- 1 )(x,.g) = cT 1 • s^(x)- 1 ■ s^'(x) -g , fr om which it is easy to see that A(y>, ip) 
is smooth . □ 

Lemma 5.6. The action A : Aut(P) x Gau(P) — > Aut(P) is free and for all tp £ Aut(P) , = 
O v (Tiere y denotes the orbit of ip for the action A ) . 

Proof. The freeness of A is obvious.^ 

Let us fix G (p) _1 (p(iy9)) . Since <p = <p , there exists a unique map / £ G°°(P, G) satisfying fix) := 
$~r x ) (4>( x )) f° r all a; € P . According to Lemma l53l this map is smooth and one can check that / £ Gau(P) 
and also that (f> = \(cp, f) . Thus, cf> £ O v and (p)~ l {p{<p)) C O v . The inverse inclusion being trivial, the 
lemma follows. □ 

Lemma 5.7. The map Aut(P) — — » Diff~(B) is smooth and admits local smooth sections. 

Proof. The map p being a morphism, it is sufficient to show that there exists a local smooth section of p 
in a neighbourhood of Ids in Diff(P) . 

Recall that it : (P, h p ) — > (B, h B ) is a Riemannian submersion (Lemma 13. 1[) . Therefore, 

7r(exp(X x )) = exp^ x) (X„( x) ) , (79) 

for all X £ X(P) and x £ P . For a G-invariant vector field X £ X(P) G sufficiently closed to 0, the 
map <p : P — > P, x h-> exp x (X x ) is a diffcomorphism of P (observe that <p £ Aut(P) since X and h p 
are G— invariant) . In view of (|79[) . is simply the map P — > P , x i— > cxp x (A 3; ). It follows that 

the local expression of J5 in the standard charts of Aut(P) and Diff ~(P) , are the projection 3C(P) G = 
£(P) © G°°(P,fl) G ->■ X(B) on the first factor (see (|I2])). Hence this map is smooth and admits local 
sections. □ 

Theorem 5.8 QT). TTie group Aut(P) is an extension of the group Diff~(B) by the gauge group Gau(P) : 

{e} — > Gau(P) — > Aut(P) — > Diff~(B) — > {e} . (80) 

Remark 5.9. Theorem \5.8\ means that the above sequence is a short exact sequence of Lie groups such 
that Aut{P) is a Gau(P) -principal bundle over the group Diff~(B) (see llTlj ). 

Proof. The sequence (|50"|) is obviously exact. 

Let us show that we have a principal bundle. Let ($(£■/), $ _1 ) be the standard chart of Diff ~ (P) , i.e., 
U C X(P) and $~ 1 is defined by ^' 1 (X)(x) := exp x (X x ) . We also take a section a : $(W) -)• Aut(P) 
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of p . We want to construct a fiber chart of Aut(P) near the identity using . Let us consider the 

following diagram : 



p- 1 ($(«)) — *(W) x Gau(P) 



where ^$(1/) is defined by := f^?, A(cr(^),^)^ for <^ e Aut(P) (see Lemma 1531 for the definition 

of A) . Thus it goes to show that is : 

• smooth according to Lemma 15.51 and the characterization of smooth curves in a space of sections, 

• bijective, the inverse being 

$(W) x Gau(P) (p)" 1 ^)), ( X , f) ^ X(a( X ), f) , 

• Gau(P)-equivariant . 

It follows that ^(p) _1 (<I>(£/)), ^$(1/)] is a fiber chart of Aut(P) , and using translations, Aut(P) becomes 
a Gau(P)-principal fiber bundle with base space Diff ~(P) . □ 

We now return to the case of automorphisms of P preserving fj, p . Let us set p : SAut(P, /i p ) — > 
SDiff~(fl,vy) :={^eSDiff(P,^ B )|^eSAut(P, A t p )}, tp <p . 

Lemma 5.10. The group SDiff ~(B,V/i B ) is a union of connected components of SDiff(B,V/i B ) con- 
taining SDiff (B, Vfi B ) . In particular, SDiff~ (B, Vfi B ) is a tame Frechet Lie group. 

Proof. Fix ip £ SAut(P, /i p ) and let tp be an element of the connected component of SDiff(P, Vfi B ) 
containing p((f) . As SDiff(P, V n B ) C Diff(P) , one may, as in Lemma [5.41 find ipi € Aut(P) such that 
ipi = tp. But, as V € SDiff (B, V[i B ) , Proposition 15.11 implies that tpi £ SAut(P, fi p ) and thus -0 S 
SDiS~(B,Vfi B ). □ 

Note that the group Gau(P) also acts on SAut(P, p p ) : for / € Gau(P) and <p £ SAut(P, /x p ) , 

aS7) = (^7T° = ^T) ° ^ = £ e sDiff(p, v 3 ) , 

this means, according to Proposition l5.ll that X(ip, f) £ SAut(P, /i P ) . In this context, all the previous anal- 
ogous lemmas remain valid. For example, existence of local sections of p : SAut(P, /i p ) — > SDiff ~(B, Vfi B ) 
can be obtained from Lemma I5.7I (it suffices to take local sections given by Lemma I5.7I and to restrict 
them to SDiff ~(B, V> p )) . Therefore, 

Theorem 5.11. The Lie group SAut(P, /i p ) is an extension of the Lie group SDiff ~ (B, V/i B ) by the gauge 
group Gau(P) : 

{e} — ► Gau{P) — ► SAut(P,fi p ) — > SDiff~{B, Vfi B ) — {e} . (81) 

Remark 5.12. One may recover Theorem \4-19\ from Theorem \5.11\ using the description of geodesies on 
extensions of Lie groups as given in \21f . 
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